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Nomenclature
A; B = parameters in models for projectile–host medium

interaction
an ; a¿ = normal and tangent accommodation coef� cients
C = integral force coef� cient in direction l 0

CD = drag coef� cient
CL = lift coef� cient
cp = local pressure coef� cient
c¿ = local tangent force coef� cient
K = lift-to-drag ratio
l 0 = vector of direction (Fig. 1)
n = local inner normal vector at projectile’s surface
R.x/ = function determining longitudinalcontour of a

projectile (Fig. 1)
r = radius of boundary cross sections of a projectile

(Fig. 1)
r1 = base radius, reference size, m (Fig. 1)
v = vector of freestream velocity direction (Fig. 1)
x; y; z = coordinates (Fig. 1)
® = angle of attack (see Fig. 1)
¯ = angle of inclination of longitudinal contour of a

projectile (Fig. 1)
µ = angle in a cylindrical coordinate system (Fig. 1)
¿ = ratio of base diameter to length of projectile
Â = angle determining the direction of vector l 0

Subscripts

0 = initial point of body contour
1 = endpoint of body contour

Superscripts

0 = unit vector
PR = derivative with respect to x

¤ = projectile with a minimum drag at zero incidence

Introduction

N EWTONIAN theory is successfullyused in supersonic/hyper-
sonic aerodynamicsboth for practical calculationsand for the

analysis of the effect of a projectile’s shape on its local and integral
aerodynamic characteristics.1¡3 The Newtonian model enables us
to determine solutions that can be used in the subsequent analysis
for the optimization of a projectile’s shape.4 The minimum-drag
projectile with a given length and base diameter at zero incidence
(ZIOP) was investigated in detail elsewhere.5 An overview of the
more recentdevelopmentsis presentedby Mason and Lee.4 Because
the angle of attack in real � ight conditions often is not zero, it
is important to investigate the behavior of the ZIOP aerodynamic
characteristics at varying incidence, i.e., in nonsymmetrical � ow
conditions. The Newtonian model allows some useful information
to be obtained.It has been shown that a localminimum or maximum
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of a drag for a body of revolution is attained at the angles of attack
with a zero lift force.6 It also has been found that for very blunt
noses of revolution the ZIOP has the maximum (as a function of
the angle of attack) lift-to-drag ratio.7 In the present study, it is
demonstrated that the ZIOP also has other optimal properties in a
certain range of the angles of attack, for both the continuumand the
free molecular � ow regimes.

Basic Relations
Considerthe followingclassof the localizedinteractionmodels8;9

describing projectile–host medium interaction in a hypersonic � ow
regime:

cp D At 2±.t/; c¿ D Bt 1 ¡ t 2±.t/ (1)

where t D v0 ¢ n0 and it is assumed that the � ow interacts only
with the exposed part of the projectile’s surface, i.e., ±.t/ D 1 if
t ¸ 0, ±.t/ D 0 if t < 0. For the continuum � ow regime, the
parameter B D 0 and A D 2 in the classic Newtonian model. In the
modi� ed Newtonian theory for blunt bodies, A is determinedby the
Rayleigh formula. For a free molecular � ow over a projectile with
a cold surface, A D 2.2 ¡ an/, B D 2a¿ , and always A ¸ B.

The coef� cient of the integral force in a direction determined
by a vector l 0 (Fig. 1) is determined by integrating the local force
coef� cient over the lateral surface of a projectile:

C.Â; ®/ D r 2
0 .A cos ® cos Â C B sin ® sin Â/ cos ®

C 2

¼

2=¿

0

¼

0

R.x/ ¢ ±.t1/ .A ¡ B/
t 2
1 t2
t0

C Bt1 cos.® ¡ Â/ dx dµ

(2)

where

t0 D PR2 C 1; t1 D PR cos ® ¡ sin ® cosµ (3)

t2 D PR cos Â ¡ cosµ sin Â; R.0/ D r0; R.2=¿ / D 1 (4)

The notations are presented in Fig. 1. Hereafter, all sizes are pre-
sented in dimensionless units; the values r1 and ¼r 2

1 denote a char-
acteristic dimension and a characteristicarea, respectively.We con-
siderprojectileswith a generatrixgivenby the increasingandconvex
function.

If ® · ¯1 D arctan[ PR.2=¿/], then the lateral surface of a pro-
jectile is completely exposed and Eqs. (2–4) yield

CD.®/ D C.®; ®/ D 1
2 cos ®

£ .5 cos2 ® ¡ 3/CD.0/ C .2B C 3A/ sin2 ® (5)

CL .®/ D C.¼=2 C ®; ®/ D 1
2 sin®

£ .1 ¡ 5 cos2 ®/CD.0/ C .2B C 3A/ cos2 ® ¡ A (6)

Fig. 1 Coordinates and notations.
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(see, e.g., Ref. 9), where

CD.0/ D A ¡ 2.A ¡ B/

2=¿

0

R PR
PR2 C 1

dx (7)

Optimal Properties
If A 6D B, Eq. (7) shows that the shape of the ZIOP does not

depend on parameters A and B . Therefore, the optimal projectileof
Eggers et al.5 has theminimum drag both in the continuumand in the
free molecular � ow regimes. In Fig. 2, we present the dependence
of the angle of inclinationat the base point of the generatrixvs ratio
of the base diameter to the length ¿ for the ZIOP obtained using the
solution of Eggers et al.5

Let us consider now a set of all bodies of revolutionwith a given
¿ with an angle of attack

0 < ® · ®¤ D ¯¤
1 .¿/ (8)

and assume that the lateral surface is not shadowed, i.e., Eqs. (5)
and (6) are satis� ed.

If 5 cos2 ® ¡ 3 > 0 .® · ®D ¼ 39 deg), then it follows from
Eq. (5) that a minimum magnitude of CD.®/ is attained at a mini-
mum value of CD.0/. Similarly, if 1 ¡ 5 cos2 ® < 0 .® · ®L ¼
63 deg), Eq. (6) shows that minimum CD.0/ implies maximum of
CL .®/. Thus, the minimum-dragprojectileat zero incidenceimplies
the minimum value of CD .®/ at all

® · min ®D; ®¤ (9)

the maximum value of CL .®/ at all

® · min ®L; ®¤ (10)

and, therefore, the maximum lift-to-drag ratio

K .®/ D
CL .®/

CD.®/
(11)

at all ® in the range determined by Eq. (9) for all projectiles with
the same ¿ . Because, in reality, in the range of variation of ¿ , ®¤ <
®D < ®L , conditions expressed by Eqs. (9) and (10) are reduced to
the condition given by Eq. (8).

Figure 3 (see also Ref. 2) shows the dependences CD.®/ and
CL .®/ given by Eqs. (5) and (6) for B D 0 and elucidates the
essence of the parameters ®D and ®L . All of the plots CD.®/ and
CL .®/ for variousCD.0/ intersectat points ®D and ®L , respectively.
At all ® < ®D , CD.®/ increases,and at all ® < ®L; CL .®/ decreases
when CD.0/ increases.

If A D B (diffuse re� ection, an D a¿ D 1), then Eqs. (2) and
(7) imply the known result2 CL .®/ D 0 for all ® and for every
projectile and CD.®/ D A cos ®. Therefore, the drag coef� cient of
the projectile at a given ® is independent of its shape if there is no
shadow on its lateral surface.

The new optimal properties of the ZIOP at ® · ®¤ were deter-
mined above only in the case of the projectileswithout a shadow at

Fig. 2 Variation of the angle of inclination at the base point of the
generatrix vs ratio of the base diameter to the length for the optimal
projectile at zero incidence.

Fig. 3 Newtonian drag and lift functions.

the lateral surface. To lift the latter restriction, we use a numerical
optimization. Two problems must be solved, namely, the problem
of determining the minimum-drag projectileand the problem of de-
termining the maximum-lift projectile (A 6D B) at a nonzero angle
of attack.

The optimum contour is determined in the class of piecewise
linear contours. To this end we constructed a uniform mesh with a
constant increment1x D 2=.n¿ / at axis x and 1y D 1=m at axis y.
The particular contour can be speci� ed by values j0; j1; : : : ; jn and
the problem is reduced to determining these values such that they
optimize the functional for drag (lift) coef� cient. This problem was
solvedusing a modi� cation of the method of dynamicprogramming
described in Ref. 9 and is applied there for determining a projectile
with a minimum drag at zero angle of attack in a rare� ed gas.

Calculations were performed for n D 35 and m D 700. Prelim-
inary simulations showed that such mesh ensures that the optimal
force coef� cients are determinedwith four-digitaccuracy.The mag-
nitude of the relative thickness ¿ varied in the range from 1.0 to 4.0
with step 0.5, and the angle of attack ® varied from in the range 0
deg to ®¤ with an increment »5:0 deg. For the case when A 6D B,
we considered the cases with B D 0 (Newtonian model) and with
A=B D 0:8 (free molecular � ow regime). In all cases considered,
the ZIOP was obtained as the optimal projectile. For the case when
A D B (diffuse model), it was found that the shadow does not cause
decrease of the drag coef� cient.

Conclusions
Force coef� cients of bodies of revolution at zero incidence were

studied analytically and numerically for the hypersonic continuum
� ow regime (Newtonian model) and the free molecular � ow regime.
We showed that the minimum drag projectileat zero incidenceis the
same forboth� ow regimesandhas theminimumdrag, themaximum
lift, and the maximum lift-to-dragratio among the projectileswith a
given lengthand base diameter � ying at the same angleof attack.We
found that in the case of a diffuse re� ection in a free molecular � ow
regime, the drag coef� cient, which is the same for all projectiles
without shadow at the lateral part of the surface, does not decrease
for a projectile with a shadow.
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Introduction

A S the United States and the other spacefaring nations are
preparing a new era of explorationof nearby and distant plan-

ets, reliability issues of spacecraft will be studied more closely.
New highly reliable craft that will travel long distances are needed.
If such craft are crewed, the reliability concern naturally will be
greater.This study considersa reliabilityconcerngiven the fact that
each of the engineshas a life that is a randomvariablewith known or
estimated parameters. Preventive maintenance, such as performed
on airplaneengines, is not an option on a space voyage.The maiden
� ight as well as a number of subsequent � ights will have to travel
nonstop before space stations are built.

If each engine has a random life at some speci� ed operating con-
ditions such as speedand temperature,then the probabilityof failure
and the failure rate will increase over time in the absence of pre-
ventive maintenance. Decision makers can install a � xed number
(n) of such engines, some or all of which are needed to keep the
spacecraft � ying. As with airplane counterparts,assume that it may
be possibleto keep the craft � ying even if one or more of the engines
have failed. In this Note, n is 4 and there are two extreme types of
spacecraft:one that requiresall four engines to work (4 out of 4) and
one that can � y with only one of the four (1 out of 4) operational.
What are reliabilities or probabilities of reaching the destinations
for both spacecraft when � ight duration is known? For example, it
may be desirable to state that the probability of being able to � y at
least x time units toward the destination is % Y . This probability is
the reliability for a � xed � ight duration.

Extreme Value Distributions
The topic of extreme value statistic1¡6 is relatively rare in most

texts and articles on reliability, but this topic is important in
reliability design decisions.7 It is obvious that system failure is re-
lated to its weakest components. If such a component is essential
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and there are no standby units, then the system will fail as soon as
the essential item fails. In a 4-out-of-4system, for example, the sys-
tem life distribution is the same as the distribution of the minimum
life component.The 1-out-of-4 system, on the other hand, has a life
distribution that is the same as the distributionof the maximum life
component.

The analytical extreme value distribution can be derived by con-
sideringsamplesof size n, drawn independentlyand at randomfrom
a population described by its probability density function (PDF) or
by its cumulative distribution function (CDF). Let the observations
drawn be fx1; x2; : : : ; xng. Two statistics of interest are

yn D minfx1; x2; : : : ; xng and zn D maxfx1; x2; : : : ; xng

Distribution of Smallest Values
For the 4-out-of-4 system case,

Prob.yn > y/ D Prob.all xi > y/

D Prob.x1 > y; x2 > y; : : : ; xn > y/

D Prob.x1 > y/Prob.x2 > y/ ¢ ¢ ¢ Prob.xn > y/

D [1 ¡ Prob.x1 · y/][1 ¡ Prob.x2 · y/]

¢ ¢ ¢ [1 ¡ Prob.xn · y/]

Therefore, Prob.yn > y/ D [1 ¡ F.y/]nI the CDF is

Gn.y/ D Prob.yn · y/ D 1 ¡ Prob.yn > y/ D 1 ¡ [1 ¡ F.y/]n

the reliability function is

Rn.y/ D 1 ¡ Gn.y/ D [1 ¡ F.y/]n

and the PDF is

gn.y/ D G 0
n.y/ D n f .y/[1 ¡ F.y/]n ¡ 1

Distribution of Largest Values
For the 1-out-of-4 system case, let the CDF be

Hn.z/ D Prob.zn · z/ D Prob .all xi · z/

D Prob.x1 · z; x2 · z; : : : ; xn · z/ D [F.z/]n

The reliability function is

Rn.z/ D 1 ¡ Hn.z/ D 1 ¡ [F.z/]n

and the PDF is

hn.z/ D H 0
n.z/ D n f .z/[F.z/]n ¡ 1

Simulation
Simulation often helps to bypass complex mathematical work

needed to reach the same result. The simulation software8 used is a
powerful tool that helps decision makers handle situations subject
to uncertainty. The software8 performs Monte Carlo simulation.
Extensive use of Monte Carlo simulation in reliability work is well
documented in the literature. Monte Carlo simulation is a common
tool for engineers who, otherwise, face complex mathematics to
deal with.

Speci� c Reliability Structure Under Study
The system consists of four independentengines or components.

A mean life of 3000 time units and three distributionsare assumed.
An exponentialdistributionis commonlyused in reliabilitywork for
illustration purposes because this distributionhas a constant failure
rate irrespective of duration of use. If preventive maintenance is
performed, the exponential assumption is often accurate.Two other
distributions,normal and uniform, are also used to considerthe case
when the failure rate increasesover time as it would be in a long and
nonstop space voyage. However, uniform and normal distributions
require additional parameters.The mean life of 3000 is maintained,


